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Noise kernel and the stress energy bitensor of quantum fields in hot flat space
and the Schwarzschild black hole under the Gaussian approximation
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We continue our investigation of the properties of the noise kernel in curved spacfBim@s Phillips and
B. L. Hu, Phys. Rev. D63, 104001(2001)] by working out explicit examples by means of the modified
point-separation scheme and the Gaussian approximation for the Green functions in the manner of Bekenstein,
Parker, and Pagel. D. Bekenstein and L. Parker, Phys. Rev2®) 2850(1981); D. N. Page,bid. 25, 1499
(1982]. In the first part we consider the class of optical spacetimes. As a first example we derive the regular-
ized noise kernel for a thermal field in flat space. It is useful for black hole nucleation considerations. In the
second example of an optical-Schwarzschild spacetime we obtain after this procedure a finite expression for the
noise kernel at the horizon. In the second part we consider the noise kernel for a scalar field in the Schwarzs-
child black hole. Knowledge of the noise kernel is essential for studying issues related to black hole horizon
fluctuations and Hawking radiation back reaction. Much of the work in this part is to determine how the
divergent piece conformally transforms under the point-separation scheme. For the Schwarzschild metric we
find that the fluctuations of the stress tensor of the Hawking flux in the far field region checks with the analytic
results given by Campos and Hu earljé. Campos and B. L. Hu, Phys. Rev. &8, 125021(1998; Int. J.
Theor. Phys38, 1253(1999]. We also verify Page’s result for the stress tensor, which, though used often, still
lacks a rigorous proof, since in his original work the direct use of the conformal transformation was circum-
vented. We find that the noise kernel at the Schwarzschild horizon is finite. This dispels speculations in some
recent papers that the black hole fluctuations diverge at the horizon. However, as already manifest in the optical
case, the Gaussian approximated Green function which works surprisingly well for the stress tensor at the
Schwarzschild horizon produces significant error in the noise kernel evaluated there. We check this using the
trace anomaly expression and identify the failure as occurring at the fourth covariant derivative order.
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I. INTRODUCTION In paper 1[27], we derived a general expression for the
noise kernel of a quantum scalar field in an arbitrary curved
The noise kernel is the vacuum expectation value of thepacetime as products of covariant derivatives of the quan-
stress-energy bitensor for a quantum field. In curved spaceum field’s Green function. It is finite when the noise kernel
time field theory{1-5] it plays a role in stochastic semiclas- is evaluated for distinct pairs of pointand non-null points
sical gravity[6—13] similar to the expectation value of the for a massless fieJdWe also showed explicitly that the trace
stress-energy tensor in semiclassical grajdf]. The noise of the noise kernel vanishes, confirming there is no noise
kernel, being a measure of the fluctuations of the stress terassociated with the trace anomaly. However, the noise kernel
sor of quantum fields, enters in a variety of issues and probas a two point function of the stress-energy tensor diverges
lems ranging from the validity of semiclassical gravity to as the pair of points are brought together. This paper dis-
spacetime foams, from structure formation in the early unicusses how this divergence of the noise kernel can be dealt
verse to fluctuations of the black hole horizon and transwith for specific spacetimes of physical interest.
Planckian physics. The noise kernel in hot flat space, one of Before we embark on the details, it might be useful to
the two examples considered here, is useful for performing @ecall why examining such a divergent quantity at the coin-
real time quantum field theoretical analysis of the black holecident limit is of interest. It is the long standing opinion of
nucleation problen{a preliminary result is reported in Ref. one of us(see, e.g., Ref9]) that field quantities defined at
[15]) beyond that conducted in Euclidean-time thermal fieldtwo separated points may describe the statistical mechanical
dynamicg16,17. In the other example of the Schwarzschild properties of quantum field8] in a spacetime with pos-
spacetime, knowledge of the noise kernel is essential fogible extended structure. In the stochastic gravity program,
studying issues related to black hole horizon fluctuationghe point-separated expression of the stress energy bitensor
[18—22 and Hawking radiation back reactigsee e.g., Ref. have fundamental physical meaning since it contains infor-
[23-264, and references thergin mation on the fluctuations and correlation of quantum fields,
and by consistency with the gravity sector, retains some co-
herent properties of quantum spacetimes when probed at a
*Electronic address: Nicholas.G.Phillips@gsfc.nasa.gov finer resolution or higher energig¢29]. Taking this view, we
"Electronic address: hub@physics.umd.edu may also gain a new perspective on ordinary quantum field
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theory defined on single points: The coincidence limit de-function finite in the coincident limit. With this, one can
picts the low energy limit of the full quantum theory of mat- calculate the noise kernel for a variety of spacetimes.

ter and spacetimes. Ordinargpointwise quantum field An analytic form is obtained by invoking the Gaussian
theory, as a part of semiclassical gravity, is the lowest leveapproximation introduced by Bekenstein and Parfs].

of approximation of a more complete theory of the micro-For a massless scalar field in an ultrastatic spacetime whose
structure of spacetime and matter. As such, it should benetric has an optical fornfone where the Euclidean-time
viewed not as fundamental, but as an effective theory. Ever-time component of the metrig,,=1) this provides a
the way in which the conventional point-defined field theoryclosed expression for the Green function. In this paper we
emerges from the full theory when the two poifésg.,xand  use the Gaussian approximation for the Green function for
y in the noise kernglare brought together is interesting. Here such quantum fields to evaluate the noise kernel in two op-
the nonlocal structure of spacetime and its impact on quantical metrics:(1) hot flat space(2) the optical-Schwarzschild
tum field theory become the central issues. It is from thisspacetime, and then i{3) the Schwarzschild metric. For hot
perspective that we arrive at a new understanding of théat space, the Gaussian Green function is exact. For optical
meaning of regularization and the coincident limit. This wasSchwarzschild, the Gaussian Green function is known to be a
discussed in paper[R7]. fairly good approximation for calculating the stress tensor

Apart from this philosophical bias, of practical interest is [47], which involves second covariant derivatives of the
the quantity obtained from taking the coincident limit of the Green function. We will carry out this calculation for the
noise kernel, i.e., the fluctuations of energy density in ordi-noise kernel which requires up to four covariant derivatives
nary (pointwise quantum field theory—how does one define of the Green function. Thus the validity of the Gaussian ap-
a finite quantity and make sense of it when addressing funproximation will be tested to its new limit. A reliable check
damental issues such as the validity of semiclassical gravitis provided by the trace of the noise kernel, which for mass-
[30], e.g., whether the fluctuations to mean ratio is a correcless conformal fields should be zero.
criterion[31-39. This is relevant to a study of the physical ~ We present an outline of the calculation as follows: After
effects of black hole horizon fluctuations and Hawking radia-a brief description of the Gaussian approximation to the
tion back reaction. It could also be important when determin-Green functior{46] for ultrastatic spacetimg#7] in Sec. Il
ing whether certain inflationary models based on the fluctuawe consider in Sec. Ill the regularization of the heat kernel in
tions in the vacuum energy density can indeed behe class of optical metrics. We expand this Green function in
implemented. an end point series so that it can be separated into a divergent

Similar to what was done before for the simpler stresspiece and a finite remainder. The divergent term is indepen-
energy tensor, to calculate a regularized noise kernel, it iglent of the approximation since we know this structure must
desirable to have at the start an analytic and finite regularizede of a general form given by the Hadamard ansatz. After
expression for the Green function. When one can carry out ¢his is subtracted, we have a series expansion of the renor-
mode decomposition of the invariant operator and find ammalized Green function. We then substitute this expansion in
analytic solution to the mode functions there are establishethe general expression obtained in paper | for the coincident
ways to proceed. For such cases the quantum stress tensimit of the noise kernel. The resulting expression is quite
and its fluctuations can be determined using some regularizdeng and formal. At this point one can introduce the specific
tion scheme, from the simple normal orderifi80,36 or  metric of interest and determine the component values of the
smeared field35] in Minkowski and Casimir spaces to the Green function expansion tensofsy symbolic computa-
elegant{ function or the powerful point-separation methods, tion). From this we can readily generate all the needed com-
as demonstrated for the Einstein Universe or for the Casimiponent values of the coincident limits of the covariant de-
effect by the author§35,37 and otherd38-4Q. Unfortu-  rivatives of the Green function, along with the covariant
nately, there are many important geometries for which arderivatives of the coincident limits. These explicitly evalu-
exact analytic expression of the mode functions is not availated tensors are then substituted in the general expression
able, such as the Schwarzschild black hole spacetime. obtained in paper | to get the final restilt.

We work with the covariant point-separation regulariza- \We give two examples of the noise kernel in optical
tion method 41-43 in its modified form[44,45 to derive a  spacetimes in Sec. IV. For the case of hot flat space we
finite expression for the coincident limit of the noise kernel.derive the variance of the energy and pressure density for a
The expression derived in papel7] for the noise kernel of  quantum field at finite temperature. This is a useful compen-
a scalar field is completely general and can be used with afiium to the results obtained earl{@5] for quantum fields in
without consideration of the regularization of the Greenminkowski and Casimir geometries in reference to issues
function. Also, the result there for the coincident limit holds such as the validity of semiclassical grav[t§0,31,34,3%
for all choices of the Green function and the metric providedror a massless, conformally coupled field in the optical-
that the Green function has a meaningful coincident limit. In
this paper, we apply this formal procedure to specific space=——
times of physical interest. We do this by working with an 1\we must stress, as we did in paper I, that though all these are
analytic form of the Green function. When such a form isgone on a computer, no numerical approximation is used. All work
available one can carry out an end point expansion displayis done symbolically in terms of the explicit functional form of the
ing the ultraviolet divergence. Subtraction of the Hadamardnetric and the parameters of the field. The final results are exact to
ansatz expressed as a series expansion will render this Gregile extent that the analytic form of the Green function is exact.
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Schwarzschild metri¢the ultrastatic spacetime conformal to Il. GAUSSIAN APPROXIMATION
the Schwarzschild black holewe obtain for the regularized

noise kernel at spatial infinity the same result as a therm% the Green function for quantum fields in optical space-

field in flat space, as we should, and a finite result at thg; a5 in the manner of Bekenstein-Parkd6] and Page
horizon in a state conformally related to the Hartle-Hawking

state. However, the latter expression computed with the Iﬁ the Schwinger-DeWitt proper-time formalispd1,49

Gaussian approximation has a nonvanishing trace. In Sec. e Green function is expressed in terms of the heat kernel
we study the nature and source of this error by examining thg (x y s) via

validity of the Gaussian approximation at successive orders.
It works reasonably well to the third covariant derivative °c
order. The inadequacy of the Gaussian approximation to the Gxy)= fo K(x.y,s)ds, 2.9
Green function for the calculation of the noise kernel arises
from the Green function’s failure to satisfy the field equationwhere the heat kernel satisfies
J

of the scalar field at the fourth order.

In the second part of this papé€Becs. VI and VI we R
treat spacetimes with metrics conformally related to an opti- | g5 O _E) K(xy,s)=0, K(x,y,00=8(x~y).
cal metric, focusing on the Schwarzschild black hole space- (2.2
time. For a given noise kernel in an optical metric, one can
take advantage of the simple conformal transformation propThe optical metric for an ultrastatic spacetime has the prod-
erty of the scalar field’s Green function to compute the noiselct form
kernel for the corresponding conformally optical metrics. A 5 o
According to the procedure described above, the main ob- ds?=gapdx*dx®=d7?+gjdx'dx. 23
stacle is the subtraction of the Hadamard ansatz. The divey- . . . . .
gent Green function is defined in terms of the optical metric Ve assume In thg Euchdean sgctor that the 'maginary time
while the Hadamard ansatz is defined in terms of the physidimension is periodic with period 2/«x=1/T, with T the

cal metric. Thus we need to reexpress the transformed opticffmPerature. For a black hole,is the surface gravity but it
metric in terms of the physical metric. The defining equa-C&" be regarded as a temperature parameter here. This form
tions for the geometric objects on the optical metric areof the metric allows the kernel to take on the product form

transformed to the physical metric and solved recursively.
Now the Green function series expansion can be written
solely in terms of the physical metric. While for the ultrast- ,ith each of the kernels satisfying
atic spacetimes the Hadamard subtraction was straightfor-

We give a brief description of the Gaussian approximation

K(x,y,s)=Ki(7,7",5)K35(X,y,S) (2.9

ward, for spacetimes only conformally ultrastatic this sub- 9 2
traction is nontrivial. Before the subtraction can be carried (___2 Ky(r,7',5)=0, (2.53
out and the Green function regularized, we need to study the IS g
conformal transformation properties of the point-separation
objects used to define the Green functfon. J i R B
Since all the series expansions used are recursively de- 75 | iV T 5 Kalxy,s)=0. (2.5

rived, as a check of the full expression it is sufficient that we

get the correct results for the lower order terms. Indeed our Equation(2.53 has the periodic solution

general expression contains and confirms the P4geesult

for the vacuum expectation value of the stress tensor in the . K 5 o
Schwarzschild black hole. With the general expansion of the Ki(r7',8)=5— n;w exp(—«“n“s+iknA7) (2.6
renormalized Green function at hand, one can choose a met-

ric and compute the coincident limit of the noise kernel as(z ;= — 7). Equation(2.50 in general is difficult to solve,

outlined above. In Sec. VI we compute the noise kernel fol,,t Bekenstein and Parkpt6] find an approximate solution

spacetimes conformally related to ultrastatic spacetimes. Ijsing the Gaussian approximation to the path integral repre-
Sec. VIl we specialize regarding the Schwarzschild blacksantation. FOK, it takes the form

hole and discuss the significance of our results. The Appen-
dices contain expressions useful for our considerations here. (3IAL2 @)
More details can be found in Rd#8]. K 36auslX,Y,S) = F{— s

o0

(2.7)

(4ms)92 "

3 . . . .
2As will be shown, regularizing the divergent structure to suffi- where ®)o is the world function for the three-dimensional

- IAL2
cient order for the noise kernel is no small task, when we includeSPatial geometry. In the abové¥AY2 is the Van Vieck-

the conformal transformation between the physical and the opticaMorette determinant for the spatial geometry. Since we have
metrics (e.g., the fourth order term in the expansion of the renor-an optical metric, the four-dimensional world functionds

malized Green function has over 1100 teynisis at this pointthat =)o+ A 7%/2 and there is no difference between the three
the symbolic computation environment takes over. and four dimensionah 2.
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Since the complete Hadamard-Minakshisundaram-Pleijelef the regularized Green function. With this, it will be

DeWitt expansiorf41] would be straightforward to compute the coincident limits of the vari-
. ous covariant derivatives needed. We start by assuming the
expansions
Ka=Kagaus, 8n(X,y)s" (2.9
AV2~1+ O';pO';qA(z) qto Pglg rA(s)
the Gaussian approximation is equivalent to only taking the o g @
first term in this power series. +oPofo oA pgrs? (3.53
By putting Egs.(2.6) and (2.7) back into Eq.(2.4) and
carrying out the integratiof2.1), Page obtains A7.2~(T:p(,:chT(Z)qurU:pg:qg:r57.(3)pqr
kA2 sinhkr +oPoia o967, 3.5p
GgauséX,Y) = (2.9 pars (3.5p

872r (Coshkr —cosk)
wy~W O+ o Pwit + o Podw?
as the Gaussian approximation for the Green function, where (3.50
r=[2®g]2
wo~wi. (3.50
IIl. NOISE KERNEL IN OPTICAL SPACETIMES
In this section, the noise kernel for an ultrastatic spaceThe specific values of the expansion tensors in these series
time with an optical metric is determined. For this class ofare derived in the Appendices. Carrying out the subtraction
geometries, we start directly with EG2.9) for the Green (3.3) and substituting the expansiof&.5), we find that the
function. The first step is to expand this Green function abougXxpansions tensors in E¢8.4) are
the coincident limit. Since the noise kernel has terms with at
most four covariant derivatives, this expansion needs to be to 0)
fourth order inc?, or second order ior= 0" /2, and fourth Gren= 3 (3.6a
order inA 7. Doing this expansion yields

2

Al/Z Allz p Gl =0, (3.6b
G —+ —(2A 7~ o)
Gauss— 8 0_ 8 77 { 6 180 X )
6 JONERNC) + T80 [457 Jab] — —W )g
4—6A ) N 2) +O( 502 5 5) rerab 3 ab ab™ Yab ab»
+ 3780(4AT ot+o a”4,07). (3.60
(3.1 ) 4 .
. : . O NN G I C) PR C)
By subtracting from the Gaussian Green function the Had- “rerabc™ 3 abc™ g abc Zgab 1'c
amard ansatz (3.60
Sx.y) = — 287wt o? +0(c%) (3.2 K’
X,y)= w w . _
y 16772 T o o Gﬁgr)a _§A abcd @[4A(2)ab57(2)cd
[theV(x,x’) term is absent since there is no leglivergence +457 i~ AP gap]
present in the expansion of the Gaussian approximation to
the Green functiohwe get the renormalized Green function
hwe g 7560[165#2)&,)57(2) ~1267? 4 gap
Gren= Ggauss™ S- (3.3
The divergent term prese(8.1) is canceled by the divergent +9andcdl — _gab[W( Jgeat2wiPeq). (3.69

term from the Hadamard ansatz.

Since our main interest here is to determine the coincident
limit of the noise kernel, we next turn to developing the
series expansion

Using the explicit forms of the expansion tensor values,
Egs.(C8), (C10), (C129, and(D5), we get

2 4
K K
G 7 )2(G§3,1+ FPGE,+ o PrIGR, G (&b=3gRab™ 7g0(4%a 0" Gav). (379
77
+0 P0G+ 0 Pro 3G 2 4
par remgr K K™ .
(3.4) GSl?abc 7_2Rab;c+ 4_5F abde ) (3.70
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2

Gi&havei= 7550 L8Ratiea SRabRea+ ARpaqiRe’s")
4
+ 51600 12 Tanl Tea™ 160 a8y
+45a75bTRcd_ gabRcd)
K6

(165,786,758, 84"— 126,78, Ueq

7560

+Qandod) ~ 4gab<wz Ogcat2wPeg), (379

where we have also used

1
w{¥=— (R P—R,RPI+R

240 parsR*1%) =0, (3.9

along withw{?,=0, which hold for ultrastatic metrics.
For flat space, these tensors reduce to

4

K
G (=g~ Mab™ 47" 7). (3.99
Glamabc=0, (3.99
(4) _ K T T
Grembcd_ﬁf MNab™cd™ 1277a b Med
+ 167, 15 1 14"]- (3.99

Now that we know the end point series expangi®d) of

Gens the coincident limit of terms with up to four covariant
derivatives are computed. We simply differentiate the series
(3.4) and then use the results from Appendix A for the coin-
cident limits of the covariant derivatives of the world func-

tion o. The results are

1677 Gen]=G'Q), (3.103
167 Gyen al= Grena, (3.10b
1672 Grenabl = Gggr:(ab) + ZGg%(ab) : (3.109

167 Grenabcl = 6(G 2 apc) T Clonabe) + Cranabe:
(3.10d

16772[Gren;abcd] =12 ZGEg%(abc;d) + Gg%(ab;cd)

2
+ ZGEg%(abcd)) + §(G§§2pa( Rpcd”
- ZRbdcp) + G%l}pb( Racdp_ ZRade)
+ Grerpc( Rabdp 2Radbp) + Grerpd( Rabcp

- 2Racbp)) + Gren;abcd- (3.108

PHYSICAL REVIEW D 67, 104002 (2003

I]. Since the point-separated noise kerhgh 4/ (X,y) in-
volves covariant derivatives at the two points at which it has
support, when we take the coincident limit we can use Syn-
ge’s theorem to move the derivatives acting at the second
point y to ones acting at the first poik Because of the
length of the expression for the noise kernel, we will here
give an example of the calculation by examining a single
term. The complete expression for the coincident limit of the
point-separated noise kernel can be found in paper | as Eq.
(4.16.

Consider a typical term from the noise kernel functional
[Eq. (3.29) of paper I:
(3.11

Gren;c’bGren;d’a+ Gren;c’aGren;d’b .

As was derived in paper |, the noise kernel itself is related to
the noise kernel functional via

Nabc'd’[Gren(Xiy)] + Nabc’d’[Gren(y’X)]-
(3.12

Naberar =

We account for this by adding the same term but with the
roles ofx andy reversed. Taken together, we need to analyze

Gren;c’bGren;d’a+ Gren;a’dGren;b’c+ Gren;c’aGren;d’b

+Gren;a’cGren;b’dv (3-13)
in particular, its coincident limit:
[Gren;c’b][Gren;d’a]+[Gren;a'd][Gren;b’c]
+[Gren;c’a][Gren;d’b]+[Gren;a’c][Gren;b’d]-
(3.19

We apply Synge’s theorem to remove any explicit reference
to pointy,

([Gren;a];d_[Gren;ad])([Gren;b];c_[Gren;bc])
+([Gren;d];a_[Gren;ad])([Gren;c];b_[Gren;bc])
+([Gren;a];c_[Gren;ac])([Gren;b];d_[Gren;bd])
+([Gren;c];a_[Gren;ac])([Gren;d];b_[Gren;bd])v

(3.15

express the results in terms of the expansion ten&i®e
and find

2 2
S(Gﬁer)ad Egr)bc"_ Gger)acG(erhd) (3-16)

Though this may look relatively compact, when we use the
results (3.79 to get the final form, in terms of the local

We now have all the information we need to compute thegeometry, this is no longer the case. Making these substitu-

coincident limit of the noise kerngékee Eq.(3.24 of paper

tions, our pair of terms becomes
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K* e 1
——(R,jRh e+ R.Ry ) + ————{(46,75,— R <Tab>ren:_(3[Gren;a];b+S[Gren;b];a_[GrerJ;ab
2592772( adRbct RacRba) 12960:72{( b Od’ ~ Obd)Rac 6
TST TQT TQT 1 .
+(48p"6:"~ Gbc)Raa T (40,70¢"~ Gag) Rpc+ (40576, ~6[Grenan)) ~ 5 (3[Grenpl "~ [Grenl "

8

K
—Gac)Rod} + W{325a75b76c75dr+ Jad9be

1
- 3[Gren;pp])gab_ 1_2[GrerJ( RGab— ZRab)u
+ gacgbd_4( 5bT5dTgac+ 5bT5chad+ 5aT5dTgbc

1
= — (G +12G2)  — GOR.p)
+ 5aTéchbd)}_ (317) 6 ren,a rem ren

ren rerp

1
_ cOp_ (0) p_ (2) p
The noise kernel functional consists of 25 such terms, some 12(G R=2Grenp’ —12G )9ap- (319

quite a bit more involved. This is especially true when a
single Green function has four derivatives acting on it. To
gain insight into the physics we work with some specific With the explicit valueg3.7¢ for the expansion tensors we
spacetimé. recover the familiar result
When we do choose a metric, we proceed by directly
evaluating the components of the expansion ten§®a).

Once these expansion tensor components are known, the ac- K4

tual components of the coincident limits of the covariant <Tab>renzm(gab_45a75b7)- (3.20
derivatives ofG,¢, are in turn computed usin@.108. Then

it is straightforward from there to get the covariant deriva-

tives of the coincident limits, since application of Synge’s

theorem will move derivatives acting gtsuch that we also IV. EXAMPLES

need the covariant derivatives of the coincident limits. Now A. Hot flat space

that we have the component values of all the covariant de- i ] ] o
rivatives of the various coincident limits of the regularized ~ The first example we consider is that of a finite tempera-
Green functionG,.,, we substitute them in the coincident ture T= «/27 quantum scalar field in flat space. With this,
limit expression for the noise kernel, EGL.16 of paper I,  the stress tensor takes the usual form
and arrive at the final result we seek. 1 1 1 72T

Before turning to specific metrics and as a check, we can <Tab>:diag[ - = - _,1],)' p=— ,
reproduce the derivation of the renormalized stress tensor. 3" 3 3 30
We start with the point-separated expression for the stress
tensor, which for a massless, conformally coupled scalar
field is

4.9

with x®=(X,y,z,7).
Using Egs(3.99 and(3.109, the nonzero coincident lim-

1 o ' its of the derivatives o6, are
(Tap(x,y))= §(gp bGren;p’a"'gp aGren;p’b)

1 S DR T

- gg qGren;p' Jab™ g(g a9 bGren;p'q' [Gren] = 12 (4.29
1 o' b

+ Grenan) + g((Gren;p’ +Gren;p )Qab) (772T4)

1 —(Rgab) [Gren;ab]: - T(éab_45a 5b ) (4.2b
+ =Gren — 5 T Rap|- (3.18

6 2

4T6

a
We take the coincident limit and utilize Synge’s theorem to [ Grenabcd = 315 (Papdea— 128, 0y Oea

obtain
+168,78," 8. 847)- (4.209

3Since this work for analyzing the coincident limit of the noise _ o o _
kernel via the point-separation method is tailored to symbolic com-Taking the coincident limit of the massless case for the noise

putation on the computer, our method for deriving particular resultkernel, Eq.(4.16) of paper I(for this case, we keep arbi-
is designed to take maximum advantage of the computer. trary), we find
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e ) From inspection, & A p.q=1. Only for A~0 can the fluc-
Nabea= 555800 324 7~ 286+ 162£7)97.9",97c9"y— 8(7 tuations be viewed as small. Far~1 the fluctuations are
comparable to the mean value.
—42¢+1306%) (99707 + 9and 07g) — 4(7—28¢ For hot flat space, the results farare
+1487%)(9pd9"a0"c+ 9add b9 e+ Ibcd a9 1
T T 2 abcd Aabcd! 5201 ézg,
+0acd b9 d)+4(7_63§+167§ )gabgcd
_ 2
+(7— 286+ 1082)(gagObc+ JacOba)}- 43 g 20TLFZIQ0) 2 0 B osa
35— 28+ 5402 5 136
From this, we can immediately compute the trace:
2(21- 154+ 44282 6 137
48 XXXX , 5~0.86, -—=~0.69,
pq 7T 2 49— 308¢ + 884£2 7 200
Np o' =1355(~ 11662 (4.9
o AT-21E+ 93¢?) 4 057 73 054
TTXX: , =~0.57, —~0.54,
which we see vanishes for the conformal coupling case ( 49— 84¢+ 372¢2 7 136
=1/6). The nonvanishing components for general coupling A(7- 63¢+167¢) 4 a1
are XXYY. , —~0.8, —~0.39.
35— 252+ 6682 S 104
T8 0478 1 (4.7

N,rpr= 7—145+2708%) — T2,
37806 5400 6 From these results we see that, even for the simple case of

thermal fluctuations in flat space, the fluctuations present in

5 the stress tensor are important. Discussions on the implica-

Naoxox™ 11340(521 1546+ 4427) — 5400 }i?or; (E;Otgel ;IAlcht:;Jﬁation to mean ratio can be found in
efs.[30,31,34—

4T8 £— 0774-'-8

3
= E(Txx>2a . .
B. Optical-Schwarzschild black hole
g o _avs We now consider the optical spacetime conformally re-
N T 7_21§+93§2)§: el lated to the Schwarzschild black hole spacetime. For this
T 56706 8100 spacetime, the line element is
1 2M\| 72 2M\ 1
= HTAT0. as=a+[1- 20 aree [ 1- 2] rea
H 2
T8 , £-0,4T8 , +sif6d¢?). (4.8
N 7— 63+ 167, =L(Ty0",
v~ 5e700 | 0% £~ 5100~ w0 Taking x=2#T and T=1/(87M) we choose the quantum
state corresponding to the Hartle-Hawking state in the con-
478 £¢-0 478 formally related Schwarzschild spacetime. We use the space-
N = 22680621 84t +A484E%) — — 10800 time coordinates<®=(r,6,#,7) and introduce the rescaled

inverse radial coordinatg=2M/r=1/(4=Tr). Spatial in-
finity corresponds tx=0, andx=1 is the black hole hori-

_Z<T77><TXX>- zon. For a massless conformal scalar fietd<0,£=1/6) the
stress tensor is

7T4T8 £—0 ’7T4T8

_ N N _ e 111 m?T4
Nyyxy= 2268067 2864 108¢7) 32400 4<Txx> , <Ta> d|ag{3 303" 1} 0 (4.9
(4.9

and those that follow from the symmetry of the metric.
We use the dimensionless measure of quctuanons
[30,35-317 (this is not a tensor, but a measure of the fluc-

We recover the standard thermal result for the stress tensor.
The component values for the noise kernel are

418
tuations for each component rr__ T _ 4 6_ 7
N, " "= 5041206857~ 1050¢‘ +8400¢° — 16800
Aoped= (TanTea) = (TanX(Teo)| - 4Nabc | _ —16997408°+80206008°— 140910008*°
(TabTea) | |4Napeat (Tap)(Ted)|
(4.6) +10924200@" - 3151575@'2), (4.10a
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478 der. (The recursion formulas of the expansion used in point
N, "= s0a120d 187* 11203 - 210x* + 80640¢° separation are collected in the AppenditdSor the noise
kernel we need results up to fourth order in the separation
—10360&°+ 1680’ + 98298068 distance. The well established work for the stress tensor is to
9 10 1 second order. This provides a check of our code by verifying
—43285208°+ 73602008 57186008 we always get the known results for the stress tensor expec-
+1705725@1?) (4.10B tation value. Once we know that the second order recursion
' is correct, we know the algorithm is functioning as desired.
AT8 (The correctness in thénew) fourth order terms becomes
N, = 5041206137~ 560+ 1470¢*+ 30240¢° particularly important in the conformally optical metric cal-
culations, since we get intermediate results of up to 1100
— 4480(x°— 16800" — 15805806° terms in length.

We can check the accuracy of the Gaussian approximation
+73203608° - 127386008'%+ 9882000&* by using the computed component values of the coincident
2878875812 (4.100 limit of the covariant derivatives o&,,. We have assumed

Tr_ T 3 4 6 Gren;pp_ GfgﬂR =0. (5.9
[\ 6123600( 657+ 6720¢—5670" — 42000

This can be used to test the approximation order by order. To

8 9_ 10
+484920c°+ 4202480 — 12514600 test up to the second order, we just take the coincident limit

+ 94392061 - 154845&1?), (4.100 R(G...]
’774T8 [Grenpp]_ 6re :O (52)
TO_ . 3 4 6
N."s"= 5153506~ 657~ 3360 +4410¢*+ 840

For the metric(4.8), the scalar curvature is
+ 25200’ —5347836@°%+ 24882896Q°

6M2 212\4
— 43458960810+ 3370518081t R== 4=~ 24m T, 53
_ 1
97825058™), (4.109 while the results of our computation of the component values
T8 of the coincident limit of the covariant derivatives Gf,,
ro_ - 3 4__ 5 i
N,y 6123600(123 5040¢°+ 3150«*— 12096 yield
6_ 7 8 472T? 1674744
+176406°— 2520 ' + 285876& [Grerl= 3 [Grenpp]: - (5.4)

—1050256@°+ 15885608 '°— 1244700a*!
With these values, Eq5.2) can be seen to be satisfied. Thus
+417825&?). (4100  the Gaussian approximation is good to the second order.
This had better be the case, since the approximation at this
rder has been checked against numerical computations of
the stress tensor by other authors. See, e.g., a description in
474858 Ref.[24].)
N=N 1=— W(WZO— 4583+ 80520x? To check the third order term, we take one covariant de-
rivative and then the coincident limit of E¢5.1):

— 6242453+ 1800%%). (4.11)

From the component values of the noise kernel we ca
compute its trace,

1
P1_Z =
We know from prior results that this should vanish, since we [Grenp’al 6 (R Grenl + RIGrenal) =0 (5.5

have worked with a massless conformally coupled scalar
field. This failure of the trace of the noise kernel to vanish isUsing the result$§ G n,]=0,
due to the failure of the Gaussian approximated Green func-

— 313,5
tion (2.9) to satisfy the field equation to fourth order. Ra={3847°T"x>,0,0,Q, (5.9
5155
V. FAILURE OF GAUSSIAN APPROXIMATION (G P :[256” X 0 % 5.7
AT THE FOURTH ORDER rene 3

To be sure that this error does not arise from the symboliove see Eq(5.5) is also satisfied. This has to be the case: Eq.
manipulation, let us mention ways to check the correctnes§3.7¢ shows that the third order expansion tensor does not
of the algorithm. The basic procedures for generating théiave any contribution from thé/(x,y) part of the Hadamard
needed series expansions are recursive on the expansion ansatz and this is the only place a lack of symmetry in
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Grer(X,y) could appear. Therefore the Gaussian Green funcputation of the noise kernel for the mett.8) is much more
tion (2.9) is symmetric. For symmetric functions, the odd involved, this provides yet another check of our symbolic
order expansion tensors are determined completely by theomputer code.
even order tensoisee Eq.(B163)]. Now having shown that it is truly the Gaussian approxi-
Continuing to fourth order, E¢5.1) becomes mation that is at fault for the failure of the noise kernel trace
to vanish, we can use its value as a measure of the error in

1 _ the results(4.10f). Since N should be zeroN/N,pcq is a
[G,en;ppab]— g(R;ab[Grer[H R?b[Gren;a]JrR;a[Gre,{b] dimensionless measure of this error. At the horizes ),
+R[G, o) abcd 7777 rrrr 06060 Trrr 77060  rr 6o,
N.Pd
1 P9 627% 791% 791% 1390% 1390% 19855%.
~[Grenp"a’]~ 5 (Ra[Gredl + RIGrena’]) NpS o IR ° ° °
5.1
=0. (5.8 ©.19

These errors show the Gaussian approximation fails to pro-
Proceeding as before and evaluating the left hand side aboveide reliable results for the noise kernel near the horizon of

the component values are the optical-Schwarzschild metric. We expect this be the case
also for the Schwarzschild metric near the horizon, as we
. 12875T6x8 ) will show next. In the above we have identified that the
diag — ——375 (162648~ 746888&+129588% occurrence of significant error begins at the fourth covariant
derivative order.
6768
— 10054803+ 293805%*), ————— (8424— 29704 VI. NOISE KERNEL IN CONFORMALLY OPTICAL
315 SPACETIMES
6768 . . . . )
+ 44040¢— 34560¢3+ 118354, (8424 For a static ph_y5|cal m_etrlgab, we consider the confor
315 mally related optical metric
— 29704+ 44040>— 34560¢3 — o
Jab=¢€ 2 gab1 (61)
6768
+11835(4),T(9720—458323<+80520<2 where the conformal factoe 2 is the space-dependent
function such thay,,=1, i.e., the metrig, is for an ultra-
— 62424+ 1800%%). (5.9  static spacetime. In general, we use the overbar to denote

objects defined in terms of the optical metdg, and we

The failure of the left hand side of E¢6.8) to vanish shows omit it for those in terms of the physical metrig,,. For a
that the failure of the trace to vanish comes from the |imita-conformally invariant field, the Green functions on the two
tions of the Gaussian approximation. The Gaussian approxspacetimes are related via
mation is only useful up to the third order irf.

With this knowledge, the tracet.11) becomes our mea- G(x,y)=e *MG(x,y)e”“W, (6.2
sure of the error in the noise kernel from the use of the
Gaussian approximation. It is important to note that the noisehis is our starting point. In terms of the Gaussian approxi-
kernel traceN vanishes ax—0, or,r—x, i.e., where one mation
would expect the effects of curvature to vanish. We can also

see from Eq.(4.10f) that the noise is finite at the horizon . KAT/z sinhxT
(x=1). GgauséX,y) = T — ) (6.3
Using our derived expression for the noise kernel we see 87°r (coshkr —coskr)

that its trace vanishes at spatial infinity, thus we can trust our _ _

results there. Using the measur6), the fluctuations at ~ wherer=[2®)g]*2 and « is the period of the imaginary

o are time dimension, we have the expansion of the physical
Green function as

abcd 77T orrrr 6000 Trrr TTO6 11 06,

A2~ w—w' AL2n—w—w' 2 4
73 137 137 73 73 4 GGauss:A . — A . ["_+ X (—or2Am?)
@cd 136 200 200 136 136 104’ 8om gz? (6 180
6
(5.10 +%) 0’ —BaAT?+4ATY) +O(0'5/2,A75),
which match exactly the resul{d.7) for hot flat space with
conformal coupling, another reassuring fact. Since the com- (6.4
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wherew=w(x) andw’=w(y). are used to reexpress these equations in terms of the covari-
We proceed as before and subtract fr@mg,,ssthe Had-  ant derivative commensurate with the physical metric. Then
amard ansatz end point series solutions, built from the physical metric
world function o are found. The details, along with the
1 (2A%? ) 3 found solution, are collected in Appendix F. Using these re-
S(xy) = 1672 towy+ o'W, [+0(0%) (6.9 guis, we can determine the contribution fra@y, to the
noise kernel.
to get the renormalized Green function This leaves the first function defined above to address.
The key to unlocking this term is to introduce the symmetric
Gren= Ggauss™ S- (6.6 function
In the Hadamard ansatz, th&x,x") term is not included E(x,y)ze“’(x);(x,y)e“’(y)—a(x,y). (6.9

since there is no lor divergence present in the expansion of
the Gaussian approximation to the Green function. This caifhe important property of this function as shown in Appen-
also be viewed as an extension of the Gaussian approximalix F is >~ o2 asc—0. With this function, we have
tion. .

Now the situation here is different from the optical case 1 o(AY2—AY2) -3 A2
since the divergent terms presd6t4) and (6..6). do not di- Gdiv,renzng o(o+3) : (6.10
rectly cancel. Much of the work for regularizing the Green
function will entail showing that indeed the difference be- ¢ gee that this is indeed finite, we use the expansions of
tween these two divergent terms is finite and developing this
finite difference to sufficient order to compute the noise ker- S ~a?S¥), (6.113
nel. To this end, we write the renormalized Green function as

AY~1+0A®), (6.11b
1
Gren= Gdiv,ren+ Giin— WW, (6.7 AV2_14 O.K(Z) (6.110
with to obtain the leading order behavior
1 [A2ew—o' A2 1 —A@+A@ LW 4 sARgH)
Gaivren™ ﬁ o EE (6.8a Gaivren= — Q 1+ oS® ,
(6.12
o AVgmoe K_2+ _4( T12A7) which is finite asc—0 and has the value
fin= g 2 6 180 7 77
6 5 4 [Gdlvren] _[A(Z)_ (2)_ (4)] (6-13)
3780 02— 60A T2+ 4A T )i, (6.8b

5 Using Egs.(F1139 and (F163, along with Eq.(C8), we
W=ow;+oW,. (6.80  get the explicit form of the leading order expansion tensors

used above as
Both Gy, and W have well behaved coincident limits. As

these functions stand, it is only the last ok, that we can ©.c0.q0ap Ocadap  ©:p® PYapded
readily handle. Appendix E gives the series expansion in = $ted=— 12 R Y , (6.143
terms of the world functioro defined with respect to the
physical metricg,,. Since we want the noise kernel in the Rap
physical metric, it is the covariant derivative commensurate A= —22, (6.14b
with this metric that we must use when computing the noise 12
kernel. On the other hand, the functi@y, is defined in b b
terms of the world function and the Van Vleck—Morette de- K(zb) @;a®:p +‘”;ab _Wpo gab+‘";p Gab @
terminant of the optical metrig,,. Thus the coincident limit : 6 6 6 12 12
expressions foor and the series expansion ft’ derived in (6.149
Appendlces A gnd c cannot be used to dete_rmlne the CoNtlrom these we can get the expansion scalars we need, for Eq.
bution to a series expansion of the renormalized Green func(-6_13)
tion Gep. '

We oitline ways to get around this problem in Appendix 5(4)=4pppqprp52§,‘;)rs
F. Both o and A% are defined in terms of covariant differ- _
ential equations with respect to the optical metric. The con- _ (wp0®) n ®;p@;qP"PY +“’:pqpppq (6.153

formal transformation properties of the covariant derivative 6 3 3 '
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, @ PPPIR,q (Recall that the scalar expansion coefficients are
Al ):prqupq:—6 ; (6.15D  related to the tensor expansion cofficients vis™
=2"2pP1. --ppnAg‘l)mpn, where in general we take
— — (0,0°) 0. w007 Jopi=o2)
AP =2pPpIAR)=— % + 6p +—F ?? Putting these in Eq(6.10, the expansion coefficients
Prd P qR Gt(i?\z,ren are
w.
e (6.159 0 _X@_A@_ g
3 6 Gdiv,ren:A —AY—=8%, (6.21a
wherep? is a unit vector. From these expressions, we might ) ~3)_ A (3)_ <(5)
expect there to be residual direction dependence for Eq. Gavren= A" =A™ =S, (6.210

(6.13. But when we substitute the expansion scalars into the
0—0 value of Ggyren, the direction dependencies of the ij%v),ren:K(M_A(4)_A(2)S(4)+ S —A@ 4 AP 4 4]
three expansion scalars cancel and we are left with

—S6), (6.210
9= p_ P
[ Gaiyrenl 48772(w;p wp0'P). (6.16 GE) o= A~ A — ARG~ ADSE) [~ R(D)4 A@)
Using[AY2]=1 and[¢]=0, we can immediately get the +8918®+ SO - A+ A 5] -8,
coincident limit of Eq.(6.8b (6.219
[Grin]= < _ (6.17) G o= AO— A ANSH) - ABISE) 4 SE A1)
48e2¢ 72 _
+A®) 560 —{ — AP+ AR g s4)2
Since[W]=0, we readily obtain the coincident limit of the _
renormalized Green function —SON—ARISOE) 4 S — AB + A+ A5

+S6)]—5®), (6.219

. (6.18

1 [ &2 .
[Grenl= — —w,0Pto P
48772 eZw ' P (0) . .

We have shown that fdB;, ., a direction dependence could

arise, but when we use the values of the expansion tensors
for 3, AY2 andAY2 this direction dependence cancels. We
expect this to happen because we see the coefficients that
contribute to any given coefficient @, . are of a higher
power than theG{) ., coefficient in question. When going
from the scalar expansion coefficient form to the tensor ex-
pansion form, the rank of the tensor is the same as the order

which is the result derived by PagEq. (29) of Ref. [47]].

Now that we know we can regularizBgj,en, We turn to
developing the series expansion®f e, to a sufficient or-
der to compute the coincident limit of the noise kernel. We
need the expansion

G div,ren:_z(GEj(i)\Zren"_ \/;Géil\zreﬁ O'Géiz\Zren—’_ O-SIZGEI?\/),ren of the coeff|C|ent._A_nd each of th@di\_,'ren is m_ade up of_
8w higher order coefficients. But as we find by direct substitu-
tion from the expansion tensors listed in Appendix F, for
+ 0-ZG((:ililv),re . (6.19

each case the direction dependence always cr?%c;els. There we
. . . also give the complete form of the coefficier@syy, ., in

The computation O[Gdi‘“e_“]’ €., G&?\Z,en, involves 2. to their corresponding tensorial form. This is one gfrecr;ur main
ordero? and bothA Y2 andA"?to ordero-. Thus to carry out  results: The regularization of the leading order divergence of
the expansiort6.19 we will need these functions expanded the Green function, when the Green function has been com-
to ordero® for 3 ando® for AY? andA*2 These are given puted in an optical metric conformal to the physical metric in

in Appendix F. For this section we will use expansions inwhich the problem is given. What is new here is that this

terms of the scalar coefficients: regularization has been carried out to the order needed for
the computation of the noise kernel. This analysis has been
3~ 28 + ¢¥2505) + ¢38(6) + ¢ 7287 + 45(®), developed to take advantage of the symbolic computing po-

(6.203 tential of current workstations.
The last remaining obstacle in computing the noise kernel
AM2~ 1+ g AP+ g¥2AB) 4 g2A D 4 g5PAG) 4 53A(O), comes fromGy,. As it stands, it is defined in terms of the
(6.200  optical metric, while it is the physical metric with which we
. . . . . . need to take the covariant derivatives that determine the
AV~ 14+ g AP + g3PAB) 4 g2 AW+ o5AG) 4 53A(6), noise kernel. By using the functich and the series expan-
(6.200  sions(6.11), along with the series expansions
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(87)%= 087D+ %2573 + 52574, (6.22 cation of the metric until a full determination of the noise
kernel ended up yielding a general tensorial expression of

e a0+ = )0 4[5, (18) 4 ) (22) 1 3124,(32) nearly 60000 terms. By working out from the expansion ten-
sors in terms of their component values, we found this had
+ 2, (6.23  the added advantage of enabling one to study each of the

separate terms that go into computing the noise kernel.
Gsin can be expanded in terms of the physicaas

VII. SCHWARZSCHILD BLACK HOLE

1
GfinZF(G%?]M‘ VoG + oG+ o®? G+ o?GiY)), We can now turn our attention to a specific example. Con-
™ (6.24 sider a massless, conformally coupled scalar field on a
' Schwarzschild black hole with mass. The line element is
where these expansion coefficients are given in the usual coordinates=(r, 6, ¢,7),
2 2M 2M\ 1
K _|q_=" 2 e 24 .2 2
G{0= gw(O,l)' (6.253 ds?=|1 ; dre+| 1 . ) dre+re(dé
) +sirf6d ¢?), (7.9
G = K_w(lvl) (6.25bh . . . . . .
fin " g ' ' where 7 is the imaginary time in the Euclidean sector of the
spacetime. With the conformal factor
2 4
@) 3@, 004 @y K 552,00 (02
Gin 3 [AYw '] 180[257' ® '], Qo m, 72
(6.250 r
2 o this metric is the physical metric corresponding to the optical
G§i‘:’,)=€[A(3)w(°'1)+ AP LDy 1) metric considered in the above. As in that case, the imagi-
nary time dimension has periodicity=1/4M, correspond-
4 ing to a temperature associated with the Hartle-Hawking

K
+ 180 267w+ 25721 0—,(12] (6259  state. We use the scaled spatial coordinate2M/r
=1/2«r. With this choice, the black hole horizar=2M is
at x=1 while spatial infinity is atx=0.

2
G§i‘,‘1)=K—[K(4)w(°'1)+ A® LD L A@) 2D o] We now use the results for the expansion tensors above to
6 compute the noise kernel coincident limit, along with the
! stress tensor itself. For the stress tensor,
L 257014 g4 ,(02)
18 (T2 =(p..)diag](1+ 2x+ 3x?+ 4x°+ 5x*+ 6x°
+ AP =257 0D+ (02)] - 2 57(3) (1) +15x°)/3,(1+ 2%+ 3x%) (1+4x3—3x4)/3,(1+ 2x
6 2 3_ 4 _1_ _ 2_ 3_ 4
2511 22 4 1 45202, 0 +3x°)(1+4x°—3x")/3,— 1 —2x—3x“—4x”—5X
378 —6x°+ 33}, (7.3
_ (2) ,(0.2) L ,(0,3)
667w @', (6.25¢ where
The explicit expressions for these expansion tensors are 4
given at the end of Appendix F. _ = —(T.7| (7.4)
With this we have regularized and expand®g, e, and P 48072 T ’

expanded in the physical metrg;,, both to fourth order.

The Hadamard ansatz functioli’s series expansion is de- This result agrees with Page's E@3) [47]. In his work,
rived in Appendix E also to fourth order. From here we pro-Page showed the stress tensor must satisfy a functional-
ceed as we did for the optical metrics. To review, once aifferential scale equation under conformal transformations.
metric is selected, the component values of the expansions éfe then found, via trial and error, a general solution to this
Givren: Giin,» andW are computed symbolically on the com- equation. This became the basis for his computation of the
puter. Then Eq(3.10 is used to determine the component stress tensor in the black hole metric.

values of the coincident limit of up to four covariant deriva-  In contrast, we have worked directly with the Green func-
tives of G,¢,,, along with the needed covariant derivatives oftion and the point-separation definition of the stress tensor.
the coincident limits. From here the component values of th&’he conformal transformation properties of the geometric
coincident limit of the noise kernel we reached are com-objects that go into the Green function are studied and the
puted. This procedure is adopted owing to the large size oforresponding series expansions are developed. As can be
the expansions. In fact, initial attempts to delay the specifiseen from Appendix F these expansions can get quite in-
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volved even for just up to the second order terms needed fdknowing the component values, we determine the trace to be
the stress tensor. Thus our agreement with Page on the stress
tensor serves as an anchor for this work. Moreover, the meth-
ods used for determining the series expansions are funda-
mentally recursive. The zero order res(@t18 and the sec-

ond order result7.3) are in agreement with known results.
Since the terms needed for the noise kernel are generated
recursively from these the symbolically computed results for ) ) i
the Schwarzschild noise kernel coincident limit should beS With the optical-Schwarzschild case, the trace under the
accurate, up to the validity of the Gaussian approximation t¢>aussian approximation fails to vanish, which it should, for

3200(,,%x®

N,P,¢ 51 (1+X)(—27+31x) (1 +x?).

(7.6

the Green function. These results are

2

the massless conformal coupling case we are considering. By
taking the trace of the coincident limit expressions for the

.. P ) 3 4 noise kernel above, term by term, we find that this arises
N =75 g(219+ 876+ 2190¢"+ 4380+ 721X from the nonvanishing of the fourth order derivative terms
; . , . such ag Gn,y"y 1. This is what we had expected, based on
+10464&°+ +16920¢° + 21424 " — 298494 our analysis of the optical-Schwarzschild metric. It is not
4 219146+ 1973140+ 1802661 from our |mplementat|on of the conforme}l tran_sfprmann.
Our result yields a zero trace at spatial infinky-0 or
+3292493%1?), (7.5a r—oo, The fluctuation measurg,,.q atr—« gives the hot
flat space result obtained before in E¢6.7) and (5.10. At
. .2 ) 3 4 the horizon the magnitude of the error is
N, =%(137+ 548+ 137k=+ 3860«°+ 9005«
+9843x5+22508°+ 40875%" +255337x8  abcd  rrrT rrrr 00060 Trir 7700 I 66,
9 10 11 NP4
+1725900°+ 1206822+ 76110& PO 1904% 1904% 894% 18278% 1775% 1775%.
— 409052%?), (75  Nao
, (7.7)
Nooa":pi(lan 548+ 1370¢%+ + 21803+ 3965¢* _ o
2268 These results show that the Gaussian approximation has
+3795%5+ 77240+ 10299%” — 119733488 completely broken down at the horizon.
This is not to say that we can draw no conclusions other
+1817106°+ 172138+ 163014&!* than to discover the inadequacies of the Gaussian approxi-
1 mation. What is important is the finiteness at the horizon of
+12756758°), (7.50 both the noise kernel components and the error as expressed
2 by the failure of the trace of the noise kernel to vanish. In our
N7 = P (— 219 876x— 21902 — 21403 — 495¢* computation of both the stress tensor and the noise kernel,
T 2268 we have discovered that finiteness at the horizon is a “frag-
5 6 7 8 ile” property. By this we mean that any small error in the
+2976¢ 109847~ 4987  + 132755k symbolic code would result in a noise kernel that diverges as
—230916°— 5083410+ 9535611 x—1. This has lead us to develop more than one way to
1 determine the series for optical metric geometric objects, just
—77484%), (7.50  to test the symbolic code. We arrive at the res(ilt§) using
2 more than one computational path. In contrast if there were
P ingle error in the code, the resulting noise kernel could
N,7y’= > (— 219- 876x— 2190 — 55003 one sing ° Code, g
T 2268( 9876 90— 550k it be finite on the horizon.
It is the noise kernel itself, via its trace, that provides a
— 4_ 5_ 6_ 7 ) ]
105757~ 171847~ 19888~ 720 measure of the error of the Gaussian approximation, i.e., we
—1091756%8+ 1056828° + 99952610 self-consistently compute both the noise kernel and its error.
Any scheme to correct or improve the error of the Gaussian
+95201 %!+ 110870832, (7.5  approximation should also apply to the noise kernel. Correct-
5 ing the Gaussian approximation will amount to finding the
v g Po 2 3 4 terms that need to be included such that they satisfy the field
Ny _2268(41+ 164+ 410¢—860¢ ~ 4255 equation to fourth order ir®. Any correction one uses to

—50704°%—10704&5—17944x" + 102305%8
+15970&°+ 32920&1°+ 47897 %11

+146500%%?). (7.5f)

compute the noise kernéf.5f) will have to exactly cancel

the current trac€7.6). Hence the correction to the noise ker-
nel will itself be finite at the horizon. With this in mind, we
can conclude that the fluctuations of the stress tensor, as
measured by the coincident limit of the noise kernel, are
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finite at the black hole’s horizon. This is one of the main Gaussian approximation are determined, it is a simple matter
lessons learned from the analysis of the noise kernel vi#o use the work contained herein to compute these correction
point separation. terms to a high enough order. In this sense, this work not
only lays down the tracks and defines the steps, but also

provides all the details necessary for implementing the point-

ViIl. DISCUSSIONS separation program to calculate the regularized noise kernel

Let us summarize our findings pertaining to two sets offor quantum fields in curved spacetime. This is useful for,

issues: the range of validity of the Gaussian approximatior§-9- tackling the black hole fluctuations and back reaction

and the results and usefulness of our program in spite of thigroblem(25,28. .
approximation. In conclusion, towards the three goals set for this work,

Despite its success for the stress tensor calculation there Y¢& have detailed the steps in the calculation of the regular-
no compelling reason to expect the Gaussian approximate'&ed noise kernellusmg the modl_fled point-separation S(_:heme
Green function to produce reasonable results for expressiof'der the Gaussian approximation for the Green function of
involving higher order covariant derivatives, such as these i duantum scalar field in optical and conformally optical
the noise kernel. Nonetheless the Gaussian approximation fPacetimes. We have derived the regularized noise kernel for
very relevant because it contains the leading order diver® thermal field in flat space and for a quantum field in

gence. This structure will remain even with a better approXi_opticaI—SchwarzschiId spacetime. We have obtained a finite

mation, while this leading order divergence must be regu|argexpression for the noise kernel at the horizon of a Schwarzs-

ized. This step is needed regardless of what form of thé:h!lq spacetime and r(_acovered_ the hot flat space_result at
Green function one adopts—whether future improvements tdfinity. From the error in the noise kernel at the horizon we

the Gaussian approximation remain desirable or the exad'owed that the Gaussian approximation scheme  of
Green function is derived in the optical metric only. Our Bekenstein-Parker-Page applied to the Green function, which

work lays down the structure and provides the details for itroVides surprisingly good results for the stress terigor
implementation. volving the second covariant derivative order of the Green

Now we present the successes and failures of the Gausgj_nction). fails at the fourth covariant derivative order.

ian approximation as applied to the computation of the noise

kernel. On the positive side our results for the fluctuations of ACKNOWLEDGMENTS
the stress tensor of the Hawking flux in the far field region
agrees with the analytic results of Campos and [l A
fringe benefit is that we can verify our procedure by explic-
itly rederiving the Page resulé7] for the stress tensor. We
note that in Page’s original work, the direct use of the con
formal transformation was circumvented by “guessing” the
solution to a functional-differential equation. Our result is
the first we know where the methodology of point separation

was carried all the way through to the final result. That we APPENDIX A: WORLD FUNCTION - o

get the known results is a confirmation of our method and its In th|s appendixy we review the properties Of the Wor'd

correct implementation. On the negative side, our calculatiofynction o. We also demonstrate how symbolic computa-
shows that the fluctuations of the stress tensor based on thgns are implemented and used in this work. Christensen’s
Gaussian approximation are unreliable in regions close to thgy3] method for determining the coincident limit of covariant
event horizon. We show this by checking that the tracejerivatives of functions defined via a covariant differential
anomaly fails to vanish there. Corrections to the Gaussia@quation is reviewed.

approximation need be introduced to improve the accuracy. The world function is defined to be one-half of the square
One important result we foun@vhich may be overshadowed of the geodesic distance between two points on a differential

by the “glaring” error of the Gaussian approximatiois a  manifold. As such, it satisfies the equation
finite expression for the noise kernel. Even though the error

is large, as long as it is finite, we know corrections to the o.p0P

approximations will themselves be finite. Hence, where the o-—5—=0 (A1)
approximate noise kernel is finite, we can expect the full

noise kernel to be finite. That the noise kernel on the horizory|ong with the initial value

of a Schwarzschild black hole is finite is in itself a qualita-

N.G.P. thanks Professor R.M. Wald for correspondence on
his regularization procedures, and Professors S. Christensen
and L. Parker for the use of thRATHTENSOR program.
B.L.H. thanks Professors Paul Anderson, Larry Ford, Su-
kanya Sinha, and E. Verdaguer for discussions. This work is
supported in part by NSF Grant No. PHY98-00967.

tively significant result. This dispels claims to the contrary [0.4]=0. (A2)
based on speculative arguments or less than rigorous calcu-
lations[18-21]. To determind o-,,], we take two derivatives of EGAL).

Along the way to regularizing the Green function to To help illustrate how these calculations are done on the
fourth order, necessary for the coincident limit of the noisecomputer, the output presented here is direct output from
kernel, we have developed the series expansions of the vamATHTENSOR [50], with MATHEMATICA [51] carrying out the
ous geometric objects that make up the Green function to gormatting. We use th&ATHTENSOR function compact disc
high order. Once the additional terms necessary to correct th€D) and get
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where once again we use the rules we already know. Now,
=0. commuting the covariant derivatives

(A3)

P P P
OpbTa Tipalip _O'p(T;pab_o';pU:a b

Tiab™ 75 2 2 2

0= 3[0';abcd] + (Rapbc;d+ Rapbd;c)[o';p] + [O';pd] Rapbc

This is put into a canonical form via Canonicalize,
0 0 +[0';pc:| Rapbd+[0';pb] Rapcd+[0';pa] Rbpcd (A10)
T.ab— T.pal:p — T.p0 4 p=0. (A4)

The condition(A2) is encoded intauATHEMATICA by defin- and using the known rules, we get the equation

ing a rule CjCD[sigma,la ]->0, where Ci is a function de-

fined to represent the coincident limit and is formatted to be 0=3[0;apcdl T Racba™ Radbe (A11)
displayed using the standafrd- - ] notation. Using this rule,
the coincident limit is which we can solve for the term we need. In practieatH-
EMATICA’s function Solv¢ ] is used, giving us the rule
[U;ab]_[a;pa][a;bp]zo- (A5)
This immediately show§o.,,] =94, and such a rule is de-

1
fined. [U;abcd]_)_ §(Racbd+ Radbo)- (A12)

Proceeding with one more covariant derivative,

By knowing the coincident limit oh— 1 covariant deriva-
tives of o, we determine the coincident limit af covariant
derivatives. This is the recursive algorithm developed by
and using the two rules we already have, we recursively ge€hristensen. It is the main idea we use for computing the

expansions needed in this work. A general outline starts by
0=[0.abc] +[0;achl- (A7) assuming we have the rules for-1 covariant derivatives,
then, (1) we taken covariant derivatives of the defining
quation[in this case, Eq(Al)]; (2) use the rules fon—1
ovariant derivatives to get the coincident lin{8) commute
the covariant derivativeg4) use again the rules fan—1
_ P _ covariant derivatives on the terms generatéi; solve for
0=2[7 bl +[7;p]Ra"0c= 2 7;abe] (A8) the coincident limit of then derivative ?erm;(G) define a new

where Eq(A2) is used to go from the first to the second line. rule for this term. These steps are iterated until all terms

We have that the coincident limit of three covariant deriva-neéeded are generated. _
tives acting ono vanishes. For the world functiono, we need to carry this out to

Proceeding with one more covariant derivative we get €ight covariant derivatives. The seventh and eighth order
(derivative terms become quite large. In fact, when comput-

— _ p_ p _ p_ p
0=0apc O:pc0:a b™ O0:pb0;a ¢~ 0;pal:h ¢~ T;p0:a bes

Using MATHTENSORS’ OrderCD, which commutes the cova-
riant derivatives on each term until they are in alphabetica
order, we get the result

0=0"pag0 b ct T:pacT . at 0:pab:c"d— T:abcd ing these expressions, we only substit{gteps(2) and (4)
o 0 o o abovdg up to four covariant derivatives and still get results
00403 bet T:pcla bdt T:pbT;a cdt Tpalip cd with 240 terms for the seven derivative result and 1101 for

the eight. We only finish carrying out the recursion when we
use these highest order values.
(A9) The results for five and six covariant derivatives are

+ U;pa;apbcdzoz [G';abcd] + [U;acbd] + [O';adbc]’

1
[U;abcde] == Z(Racbde+ Racbed+ Radbqe+ Radbec+ Raebc,d+ Raebdc): (A13)

[O';abcdef] = _(Racbdef+ Racbedf+ Racbf;de+ I:aadbc,ef"' I:zadbecf"_ Radbf;ce+ Raebcdf+ Raebdcf+ Raebtcd+ Rafbc;de

+Ratbacet Ratbecd) /5~ (RpecdRant” + RpebdRact + RpebRaa” T RpeadRoci” + RpeadRoar” + RpeatReat”)/9
+(RpacRabe T RpdcdRant” + RpdbRace + RodbedRact” T RpdaRoce” + RpdadRoe )45+ [Rochi Rage” + 7Raed’)
+Rpcod Ragr” T 7Raid”) + Rpebd Raef” + 7Rate’) + Rpca Rpge” + 7Rped”) T Rpcad Rpat” + 7Rpid”)

+Rpcad Rper’ T 7Ry’ ) 1145+ { —[Rpabd 5Rae " — Rate’) 1~ Rpdad 5Ryef” — Rue”) + 2Rppa 5Rege’ — Reed’)
+2Rppad BReg’ — Retd”) + 2Rppad BReef” — Rere’) — Rpdan SRcef — Rere”) T 2Rppad SRye " — Ryte’)

- Rpcab(SRdefp_ Rdfep)}/45. (A14)
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APPENDIX B: END POINT SERIES EXPANSION Taking one derivative and the coincident limit gives

The basic input into the computation of the stress tensor [Sal=AM,+AO. =AM = —[S]. +[S.]. (B5)
or noise kernel is the Green function, a perfect example of a
biscalar. We want to express it in such a way that we carmwo covariant derivatives yield
easily identify how it depends on the distance between its
two support points. This leads us to consideries expan- [S;ab]ZA(Z)abJr A(Z)ba+A(1)a;b+A(l)b;a+ A(O);ab.
sions of biscalars. The techniques are also useful for the (B6)
series expansions of bitensors.

The world functiono introduced above provides the idea y ]
geometric object for such a construction. It contains both " ab IS Symmetric, we solve for
distance and direction information. For a biscééx,y), the 1

end point expansiois A(Z)abzz( —[Salb—[Sbl.at[Sl.ap+[Sapl). (B?)

| We only need the symmetric part 8f%),,, or if we assume

_ A0 1 2
SOy) =A )+UPAE) )+0pUqA§Jq)+ o We write this as
+a-pl...0-pnAgl)_”pn+..., (B1)
_ A(Z)abi_[S-a]-b‘F[S];ab"‘[S:ab] ,
so called because the expansion tens ’l) a, s 2 2
=A{". ., (x) have support at one of the end points for which

S(x,y) has support.

(B8)

where we use the standard notatiénto denote equality

It is only the symmetric part of the expansion tensors.Up.on symmetrization..ln terms of symbolic prqcessing, this

A that contributes to the expansion, since they are con'—S |mplemented by taklng each term of a tgnsorlal expression
apr-ay ’ and putting all free indices in lexigraphic order. We also

tracted against symmetric products @f’’s. Moreover, the  define rules that set to zero any Riemann curvature tensor

expansion tensors are ordein distance contribution to the R_, ., when either the first or second pair of indices is free.

biscalarS(x,y). We also find it convenient to have an expan- For example, consider when we take three covariant deriva-
sion where the distance dependence is separated from tkiges:

direction dependence. To this end,pf is the unit vector
along the geodesic from to y, 2= (20)Y%?, the expan-  [Sapcd =A®+ AP, +AC) +AB), +A®

sion (B1) can be reexpressed as 3 ) ) ) )
+A( )cba+A( )ab;c+A( )ac;b+A( )ba;c+A( )bc;a

S(x,y)=A(°)+ oA 4 AR 4L 4 g2aN) 4L , 5 2 1 1 1
(BZ) +A( )ca;b+A( )cb;a+A( )a;bc+A( )b;ac+A( )c;ab

ach

3 3

(1) p (1) p
whereA(™=2"2pP1... . pPA(Y . Now the expansion sca- L A pRane”  ATpR

lars A" carry the direction information.
When multiplying series, this form readily collects terms \q, tting all free indices in lexigraphic order and then

by their order in distance. In the context of symbolic ManiPU-,sing the above rules for the Riemann curvature tensor gives
lation of series on the computer, this alternate form greatly

improves processing speed. = ~a(3) ) (1) (0)

The first series expansion to consider is that for the world [Siabel = 6A apct 6A™ apc T 3A gipct A abe
function, which, by virtue of its defining differential equa- 2AM R P
tion, is given by +%

+AO . (B9)

o(X,y)= %Upoq. (B3)
- 3 2 1 0
_GA( )abc+ 6A( )ab;c+3A( )a;bc+A( );ab(:'
This is exact and from it we can see that all expansion ten- (B10)
sors of ordern=3 vanish. This in turn tells us that . 5 _
[“‘(alazag---a y]1=0, ie., the coincident limit of three or This can now be solvet%lf)dk( )abc a}rzl)d the prewousl;&?eter-
' n ) ) ) . . 0
more symmetrized covariant derivatives of the world func-mined results foA®, A™), , andA'™),  used to geA™, .
tion vanish. This can also be seen by direct inspection of th&olely in terms of the coincident limit of up to three covariant
previously given expressions for the coincident limits. derivatives acting or& Nothing new is encountered when
We now turn to relating the expansion tensors to the codetermining the rest of tht(eg)expansmn tensors. We now give
incident limits of the derivatives of the scal@rThis is done  the results for up through™,,cgetgn
by taking covariant derivatives and then the coincident limit 1 1 1 1
of Eq. (B1). We immediately get -
q ( ) Y9 A(g)abc_g[s;abc]_E[S;ab];c+§[s;a];bc_ 6[8];abcv

[S]=A. (B4) (B113
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@ .1 1 1
A abcd:ﬂ_[s;abcd]_ E[S;abc];d'l' Z[S;ab];cd

1 1
- E[S;a];bcd+ ﬂ[s];abcda (Bllb)

A®) ii[S e]_i[s d +i[s ]
abcde 120 sabcd 24 sabcdl;e 12 ,abcl;de
1 1
- _[S;ab];cde+ _[S;a];bcde
12 24

1
~ 120} Sliancde: (B119

A® ;i[s. f]—i S apedd:
abcdef 720 ;abcde 12& .abcdel;f
1 1 1
+ 4_8[S;abcd];ef_ 3_6[S;abc];def+ 4_8[S;ab];cdef

1 1
a E;S;a];b‘:de‘d— ﬁ{s];abcdefy (B11d

1 1
A(7)abcdefg: 5040[S;abcdefgil - 7_20[8;abcdef];g
1
+ m[s;abcde];fg_ M[S;abcd];efg
1 1
+ m[s;abc];defg_ m[s;ab];cdefg

1
+ m[s;a];bcdefg_ M[S];abcdefgv
(B11e

1 1
A(S)abcdefgh: mo[s;abcdefgr] - mo[s;abcdefgﬂ;h

1 1

* 144O[S;abcdef];gh_ ﬁ)[s;abcde];fgh
1 1

+ 5_76[S;abcd]:efgh_ ﬁ)[s;abc];defgh
1 1

+ 144O[S;ab];cdefgh_ 5040[S;a]:bcdefgh

1
+ mo[s];abcdefgh- (B11f)

These relations simplify considerable if the scais

symmetric, S(x,y) = S(y,Xx), because the symmetrized odd

PHYSICAL REVIEW D 67, 104002 (2003

and applying Synge’s theorem to the left hand side above
yields

[S];a

[S];a_[s;a]:[s;a]ﬁ[s;a]: 2 (B]-S)
For three derivatives, we have
[S;a’b’c’]:[s;abc] (B14)
Once again, using Synge’s theorem and &1.3),
[S]; b
[Savlict [Sack*[Spclia=— — —[Speal =[Savcl-

(B1Y
It follows from this that
4[3;(abc)]:6[3;(ab];c)_[s];(abc) . (B16a

The results for five and seven derivatives are

2[3;(abcde)] = 5[3;(abcd];e) - 5[8;(ab];cde) + [S];(abcde
(B16b)

8[8;(abcdefg] = 28[S,(abcdef];g) - 7qs;(abcd];efg)

+84S (abl;cdetg — 171 S];(abcdefg-
(B160

With these results, the equations for the even expansion ten-
sors for a symmetric function simplify:

AO=[s], (B179

21A®) =[S, (B17b)
AAD, eo=[Saned, (B179
6!A® 1 cdeF [ Savcded: (B17d
81A®) dergi=[Sabcdergt: (B17e

while the odd expansion tensors are given in terms of the
even tensors:

21A0 = — A (B183
4'!A(3)abci - 12A(2)ab;c+ A(O);abcv (B18b

5 . 4 2
6!A( )abcde__36m( )abccte+ 30A( )ab;cde

—3A9_ cde (B18¢)

. . L (7) = (6) (4)
derivatives are determined by the even derivatives. For one 8'A" “abcdefg™ — 20160A™ 5pcdetgt 1680A 3pcqerq

derivative,

S(va);a’:S(yvx);a’ﬁ[s;a’]:[s;a]v (512)

—168A +17A©

ab;cdefg ;abcdefgr

(B18d
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Very often, we need the covariant derivative of a series

expansionB1):

0 : 1 1 n - 2
Sa=A0 _+oPAD _+ AW g P+ gPeiaA@

+A(Z)pqa;qa;ap-l-A(Z)pqa;po;aq' e (B19)

If we replaceo,;, with its series expansion, then we readily

have the series expansion 8f,. We can get this via the
above relations by merely replaci®with o.,,. In particu-
lar, we want the expansion

—R(0 1 ; 2 P
O.ap= B( )ab+ B( )abpo.,p+ B( )abpqo.,pa.,q

(3) Pt (4) Pyl gl S
+B ™ appqoto o + B jp g0 Po o o

(5) P 0 il S it
+B abpqrs@ 00 00

+ B(G)abpqrsup';p()';qO';rO';SO';t(T;u. (B20)
We immediately have
B(O)ab:[g;ab]:gab- (B21)
B(l)abc: - [O';ab];c"— [U';abc] =0.
(B22)
For the second order term,
[0'; b]; d [0'; b d]
B(Z)abcd:_[a';abc];d+ o =
2 2
1
=— g(Racbcﬁ‘ Radbo)- (B23)

PHYSICAL REVIEW D67, 104002 (2003

., 1
B abcdefgh™ leo(_ZlgquaceRbfgp;h_6Racbd;efgh

- 114debc,efRaghp_ 114deac,ebeghp
+ 24Rpeaquhbchpdq+ 8Rpeaquhbchqdp)-
(B25d)

APPENDIX C: VAN VLECK —MORETTE DETERMINANT

Other than the world function, the other main geometric
object we need is the Van Vleck—Morette determinant, de-
fined as

D(x,y)=—de(— 0o ap). (CY

In the context of the Green function, what appears is

D(x,y)

1/2
JMMng ’

AY2(x,y)= (C2

upon which we focus. Using = oo, the Van Vieck—
Morette determinant is seen to satisfy

D X(DoP).,=4=AYH4-00g)-2A70P=0 (C3)

Now we have to be careful about how we carry out the

symmetrization: it is only the indicesd that are contracted
over in the serie$B20). So it is only the free indicesther
than a and hin this and the following that we put in lexo-
graphic order(our routine for ordering free indices can be
given a list of indices to exclude from ordering

R
2 . achd
B( )abcd_l 3

(B24)

Equality upon symmetrization of all indices batb is de-

along with
[D]=g(x)=[AY=1, (C4
from which we readily get
[AL7]=0. (CH)

We could at this point proceed as we did wittto deter-
mine the coincident limit expression of covariant derivatives
of A2 But what we need is the end point expansion of
AYZ(x,y) to sixth order ing®. With this in mind, we set out
to directly determine the series. We start by assuming the

., _ ézxpansion,
noted by=". The rest of the expansion tensors are compute

in the same way; the results are

. ,Racbo:e
B(s)abcde: 12 (8256‘)
(4) -1 1 p
B abcdef™ @(_3Racbdef+4Rpcadeef )s (BZSb)
B(s)abcdefgi '%( Racbaefg™ 3RpabgeRagt”
_3deac;eRbgfp)y (8250)

AV2— 1+A§)2q)0p0q+ A?q)rgpgqar + Ag;)rsapgqgrgs

+A é‘ra)rst(rpa'q(rr aSo'+ Aéeq)rstuapcrqa'r aSatot

(C6)

and substitute back into EqC3). We use Eq.(B20) and
o®=(20)"?p?. The expansion tensors”. , are deter-

mined by collecting terms according to their orderdirand
setting to zero.

From Egs.(B20) and (B25d), we have the series expan-
sion
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2 2
Do=4-30p"pRyqt ?03’2qu;rpppqp’
1 2APAAR RS ut
- 4_50' prppp (3qu;rs+4Rptunr s)

V2
+ 557" PPPIP PP (Rpgrstt 6RpyquirRs" (")

1
18907 PTPP PP (21 R0y quir Rt
_6qu;rstu+24R RrWs.xR Y X""ZZERpqu rs thU

(C7)

pvqw
X v
+8vaqw r sxRt u -

We have made the split int® andp? so we can readily carry
out the needed multiplication in the serig6), once we put

it into the same form. The last piece we nee(zkj'éz. This is

obtained by differentiating EqC6) and then substituting Eq.
(B20) for the o.,, terms that arise. Once this is done, we

have all the terms for the series expansion of &g). The
ordero term is

20 R
p i TS 112A®) ~Rygl=0=42),, =22 (P
The ordera®? term starts off as
0_3/2pppqpr
L L (2) (3)
a5 1248Vt Roqu 7280 ]
(3) - 1 (2)
=0=40),5 = — 512407+ Rapcl. (C9)
Using Eq.(C8) shows
. R b;
A® = —%. (C10

For the orders? term, we find

1
A(4)abcd: mo[ - 36m(3)abc;d+ 3Rab;cd+ 6OA(Z)abRcd
+1200@ Ry L+ 12003 R Py

+4ARpaqR: " - (C1y

PHYSICAL REVIEW D 67, 104002 (2003

4Rab;cde+ 5Rab;cRd e+ 4Rpaq b; cquep)
(C12b

1
(5) _
A 1440(

abcde™

A6) 31R,p;cRder + 180Rap cdet

) 1
abcdef™ 362880(
+ 378?ab;cdRef"' 3E'RabRcdRef
+ 84RabRpchRequ_ 27(Rpathquep;f
- 288Qpaqb;cdRequ_’_ 64Rpaqurdcherfp)'
(C129

APPENDIX D: SERIES EXPANSION FOR A7

In this section we determine the expansion

2_ P52 Pglgt §73)
Are=oPai6m toPafo o™

+ 0;p0';q0';r0;557(4)pqrs. (D1)
Since this is the expansion of a symmetric function, the ex-
pansion tensors are related to the coincident limit of the co-
variant derivatives ofA 72 via Egs.(B17¢ and (B18d. We
also usg A7]=0, justifying that the series expansion starts
at order two ino?. The expansion tensors are

679 =[AT [A 7], (D2a)
5T(S)abc£ _([AT;a];b[AT;c]): (DZb)
57_(4)ade£[AT;ab:ﬂ:A7';cd] [AT;a]EgA T;bcd] . (D20)

To evaluate the covariant derivatives, we start with ,
=AT,=5,". Also, AT ,=0 and[A7.]=A7,=[AT,]p
= A T;ab .
Turning to the computation of two covariant derivatives,
AT ap=AT4p— TP A T.p

— _Th
=ATapTPAT,

=—TPapdy"
=T, (D3)
and three covariant derivatives,
AT.ape= =T apc- (D4)

The fourth and fifth terms above vanish since we only need

equality up to symmetrization. Using Eq&8) and (C10),
the final form for this term becomes

A® (18Rabcd+5RabRcd+4Rpaquc i)

(Ci12a

abed™ 1420

The last two coefficients are determined in exactly the same

manner. The results are

Using these results, the expansion tengBr&c) become

673 =678, (D5a)
673 L =T7.,6.", (D5b)
57 rf re Erf 847

abcd™ 4 ab* cd 3 ab;c¥d -
(D50)
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APPENDIX E: SERIES EXPANSION OF HADAMARD we need to solve
FORM
. - - . —,,(0) p(l) P54,,(2) P A5l (3)
For the regularization of the coincident limit of the noise vo(X,Y)=vg '+ 0 vgy + 0P ovgpgt oot v gy,
kernel, we need the Hadamard form, +0p0qarasvg%)qrs, (E4a
1 2A1/2
S(X,y)= 2 +(votovitoivy)ine Hovo=— KA (E4b)
(4m)=L @
~1,(0) p,, (1) P 9,(2)
vi(X,y)=~vy’ '+ o vi/+ o o, ES5
+ (oW, + ozwz)}, (E1) 1xy) =i tp 1pa (ES3
2H,v,= —Kv0, (E5b)

to fourth order inog®. We review the standard techniques for
finding these expansions and present the results we use. The ©0)
functionsv ,(x,y) andw,(x,y), n=1 are determined by de- va(X,y)=v57, (E63
manding
4H21)2:_KU1, (E6b)
(O—-R/6)S(x,y)=0. (E2)

The arbitrary functionwy(x,y) is assumed to vanish. Work- &long with

ing to fourth order, we proceed in the now familiar pattern of

expanding each of the functions in a series expansion and w1 (X,y) =W+ oPwl) + oPotwl),, (E79
then solve for the expansion tensors by putting the expansion
in the equations derived from E(E2). Using the differential 2H,w;+2H,01=0, (E7b
operators
. l W2(ny)%W(20) ’ (Ega)
Hy=0PV,+ n—1+§([]0') (E3a
4H2W2+2H4U2:_KW1. (E8b)
R
K=0- 6 (E3D Proceeding as in Appendix C, we find

v§?=0, (E9a
vil=0, (E9b)
v 8= (Riap— 3Ry p” + 4RpaR," — 2RyqR, %"+ 2R qraR, ™)/ 360, (E9Q

UOabc (5R.apc— 14Rpa;bcp—7Rab;pcp+5Rab;ppc+8Rab;cpp+ lORpa;bch—l— 15Rab'pch_10Rpaqb;cqu_24qu'aqucp

+4R )5 4R, P~ 8RyaqrbRe" Y + 2R0aqnr ReP Y = 2RpaqrnRe™ + 2Rpaq R + 2Ry aqrpRe P)/ 1440, (E9d

paq
vt e= (— 3154 bRcg P — 220Rap pRo P — 720R 4 bR 4+ 1116MR g aRp t-q— 3600Ry 4. gR, e 4+ 27Rpagnr R ™
+ 255 gqraibRe’ g+ 36RoqraiRe” ™ :a— 522Rpagh  Re” . a— 522Rpaghr R 4+ 468RpqrabRe P 4= 117(R apcq
+1656R 5 pod” + LT40R 4o Lo+ 828R pod” + T0Rqp pa— 810, o Peat 828R cpd” — 118,
— 144R . cg," + 210R zpRed— 630R 4, "Rod— 3998 bcRy" — 491R 15 RP + 10085, oR* + 840R Ry R

+291RpaqhcdRPI— 336 paRycd’ + L00R 4. "Ry ed” + 134R R Rocf — 336R)aR g Rea™ + 1015R g 4pR o

paq
+2088R 4. bR 47— 432Rpa:bgRe " — 1728 pgRe o+ 672RaRpR P — 420R ) RapR."y”

+ 4728?paqurpRc at 1536?pquaprchr + 6ZlquraRsbpr cd + 6A'qura qus+ 3168quraRsrprchS
- 1392?pqraRsbqucrds+ 72qura;bcdeqr_ 54(Rpaqb:rcdeqr_ 129@paquchd Par— 672quRrabcdeqr

+ 1348 41aRsp IR~ B4R aqiircRe ™ — 1296R aqirer Ra™ — 2520 Rypr Ry + 43R grac Ry P
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+420RpRpqr Ry PI— 252RaRqpreRa P+ 1344R qraRep IRy — 128RgraRep PRy 95+ 96R graRsp Ry

para
- 128:2pqraRsbchdsqr_ 672:2pqraRsbccqurs_ 120(Rpaqurcstprqs_ 624Rpaqurcstpsqr/907200, (E9%9

v{0=(R.,"— RpqRPI+ R,,sRPI"%)/360, (E10a

vi=(—6R "~ 14R P+ 28R . 9P 22R R, P+ 40R,q aRPI— 56R 5, qRPI— 37Rp g R, Y — 19R 4, R,

— 17RyqrsaRPI"+ 2R grs.aRPI+ 12R 1 RP*91/4320, (E10b

v 8= (210R ;R,, P+ 380R ,R,.p— 360R 4 oR," 1= 228R 5. 4R, P — B00R . aRP%, — 200R 5 5,4R, — 1488R

+528R P+ B20R . Pap+ 180R. 4 P+ 960R . 2oP I+ 96CR . P I+ 96CR . 00— L0SER 5.0 P — 944R 5.4 P

PA—156(R P+ 480R

pa;bq K
—123R bqu+ 1768?pa;qupq— 1056R

+96(R — 78R ;g P+ 480R 171+ 140R. )" Rap— 152R iR, — 264R 5.4 IR,

RPI—-132R

pq
pa;bg ab;pq

pa;a pa;bq ab;pgR” 1~ 368(RpaRpR* 1= 140R (R, pR™

+ 1320y ¢ Ry o+ 360R g RyPy 9+ 556 RaPI 0~ 5L grarsRoI >+ 180R e sRb ™S 0+ 12R e sRp P

+180Rpqra:sRy PS8+ 70T 15 aR "™~ 1716R g0 sRPI"™S p — L008R g, RS+ 544R. R, I~ 72R o R,y °

+1256R R, PR, + 683 R raRyP I — 672 garRoPY + 1728 5.4/ R,PI — 471 (R Ry PI + 720R 0. iRy

— 246R (R, RIS — T8AR (R, 2 sPRy IS — 276R, Ry PRy 4 — 464R )R 1 PR 95+ 14TR (R, o PR,
+664R ) gr:abR"IS— 57ORpgra:spRPIS— 141 g psRIS+ L40R 4R sRPIS— 102(R g Ry RPIS!

+64R g5 abRP 45— 9BRgra:sbR” 95— 432R s R 45— 192R 2y rsRPT45— 2576R (R aspRP 95— 432R g Ry RP™!

+1624R ;R yrspRPS ™+ 240R g raRsyy RP%IH 240R g oRoy IR+ 992R Ry, IRPIS— 16R

p rst
pgrs Rstb Rd

pqgra
— 2068y 41aRspPRIS— 197R 41 aRe PRI~ 298 R 4 2Rs, PR%/604800, (E109

v = (18R ,RP—354R, 4, RP¥" + 73R RPWI+ 114R P 9— 288R "I+ 508R , RPI— 84R . 'R"

+484R R, PRI") /302400 (405R g (RPI™S '+ 8LOR g (RPI5+ 288R

par
RP45—BE2(R R sRP4°

pag;rs
— 235R R PRI = 352(Rq,sR,",RIU— 640R g, Ry, PIR™!) /3628800, (E11)
W= —(R,,P— R, qRPI+ RyqsRPI')/240, (E123
wil=(12R )P+ 31R P, — 56R, . 1P+ 44R ,R,P— 86Rq aRPI+ 112R 5 gRPI+ 74R g R PY + 38R g R,
+40Rpqrs aRPIS— 4R g5 aRPS I — 24R 4 sRPSI1) /6480, (E12b

W{Z,=(— 630R R, P~ 1756R yR P+ L08R gRy” I+ 684(R 5 R, TP+ 3856, aR”". — 968R g R+ 446R. o P

—175R "o~ 302, ,Pap— 540R 4o ,"— 288(R ;g a” — 288(R 5™ 288(Rpa; oo P+ 3168, TP+ 361R

—504R.,PRyp— 160R R,

pq
pa;qb pa; qb

aP_ 144R

pag;ab

—288(R PI+468R,,.pq " — 144R PA+234R

pa;bq pabq ab;pq ab;pq ab;p q

+79R . "R+ 515R 4 abRPI— 687 R 5, qpRPH+ 316845 gRPI+ 3964, pqRPI+ 1104R, ,R,RP

paq
+504R )R, pRP— 396 @Ry Re p% " — L08R RoPy 9= 18248 g RaPI" 1y + 1548 g RIS — BAOR g1 sR, P

—36R RpP4S—540R

parasRo P59 2958 415 aRPI"S, + 5484R 0 410 sRPI™S , + 3024R 1o s R

pqra;s
—163R, R, 1+ 216R

pgra;s

"RyPyI— 3768 R PR, — 22064 . 1a Ry P + 2016 o Ry "I — 518R 5. /R, P

pa.r pg.ra pag;ar pa;qr

+ 14136, (R Ry 1" — 216@R 0.4 Rp ™'+ 738Rp R s "Ry 1+ 235R R, o "Ry 1+ 828R (R s "Ry, *°

rsa ras rsa

+139R R "Ry 4~ 4416R (R, 1sPR, >4 — 2804R 415 apRPI" S+ 2064R 1o pfRPI S+ 4248R g sRPI™

ras

— 504R 5 RpqrsRP"+ 306 graRsr P15 248R g6 apRP 95+ 288R g1 stRP 95+ 1296R 4 psRP TS

pars,a para;s
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+576RpaqersRP 1%+ 7728 RrastR” 95+ 1296R g aRe 1 R 487R R yrsoR%I™— 720R g aRsyy RP!

— 720RqraRs 1, IRP— 2976R 4 oRiar IRPI*+ 48R g aRout’ RIS 620/R g oRop PRIZ + 5L g oRey R

pqgra
+896R,,q1aRp RI®)/1451520, (E129
wi= — (18R ,RP— 354R, RPH" + 73R, R4+ 114R P 9—288R ,,"IP+ 508R. ,(RPI— 84R . "RPY
+484R, (R, PRI /145152~ (405 415RPI"S + B10R s (RPIES+ 288R 4.1 sRP" 95— 552(R (R s RP" 9

— 235 R, PRI — 352(R R, P RISU— B4R Ry PIR™M) /1741824 (E13

pqrs

APPENDIX F: CONFORMAL TRANSFORMATION =Y BP9+ Y 0900+ Y, P00 o

Since we compute the Green function in the optical metric

conformally related to the physical metric we are interested Y parsP o0 00+ Y Pt %o

in, we need to know the way in which the geometric objects +Y) P re oSotala?

we use conformally transform. We denote objects in the op- parstw

tical metric with an overbar and objects in the covariant de- +Yf)%)rstwwapoqa’oso‘a”cr”a‘”. (F6)

rivative commensurate with the optical metric by a vertical
stroke. The two metrics are related via _ .
To determine the expansion tensors, we calculate as before

g Fy for A2 substitute the expansion into the differential Eq.
ab: (F4), and collect terms by their order in?.
The ordero term must satisfy

Qab™ e %

We develop the series expansions of the world functicio

eighth order and\*? to sixth order. We also need the func-
tion zy(Z)ab_e2w[Y(2)apy(2)bp+ Y(Z)paY(Z)pb+ zy(Z)apy(Z)Pb]

S(x,y)=e*@teW g g (F2) =0 F7

whose series expansion readily follows once the series for This has the solution

is determined. The most straightforward method for deter-

mining these series expansions is to start by considering the

conformal transformation that the differential equations each v@ Gab. F8

must satisfy. - ab™ 5020’ (Féa
Consideringo first, it satisfies, in terms of the optical

metric, the equation

which can be seen via substitution. Singes a symmetric
1 1 _ function, we use the results of Appendix B, which give the
o= Eo'lp;[pzzgpqo'lpo'm_ (F3)  odd order expansion coefficients in terms of the even order
one. Thus the third order coefficient is

Using ;|a=;,a=;;ay this equation transforms to e .
Y@ = abc_ @;cQab (F8b
abc 2 282“’ .

2w 2w
o= 79pqa;po;q=70;pa’;p, (F4)
With this, we have set up the recursion. One then proceeds
) ) _with the computation of the series expansion Van Vleck—
and we now have an equation purely in terms of the physicaijorette determinant as before. The results for the rest of the

metric. We still have expansion tensors far are

P :0, _ :O_ F5
[o] [0.a] (F9 oy @ ;%(2 B _ Yan9ed
abcd™ 6 W:aW:p w;ab) 24

and we assume the series expansion (F80

0",
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. Gab

e?oy® = >4 0 (4.0, g0:-0— 60.c0.get ®.cge) Here = denotes equality upon symmetrization. The expres-
sions  for  e*Y® o €Y ety and
gabgcd : e?°Y®)_ sergncan be found in Ref48].
0:p( 0,607 — %) (F8d) - -
; y using the expansion

, 2
evte =e20| 1— \/E\/;ppw;p-i— apPpU (@, pw.qt+ ©.5q) — ?0'3/2pppqpr(w;pw;qw;r+3w;pw;q,+ ®.pqr)
1 2APRANRI RS
+ 60' PP P, w0 0,5+ 6w, @ qw. 15+ 30, @ 1s T 4w, @ grsT w;pqrs)

1
- @US/prpqprpspt(w;pw;q“’;rw:sw;t"' 100;p0,qo; @5t 15w, 0,405t 100, p0;q0; 151+ 100,50 st

1
+5w. 0. qrst-l-wpqrst)-l- a3pPpip pSp'pY( . p@:q0; @@ @+ 150 0, (0 05w T 450, . O sW.1y

+ 15w;pqw;rsw;tu+ 20w;pw;qw;,w;stu+ 60w;pw;qrw;stu+ 10w;pqrw;stu+ 15w;pw;qw;rstu+ 15w;pqw;,stu

+6w;pw;qrstu+ C’);pqrstu) +O(0'7/2) (F9)

we can get the expansion &. Multiplying together the The expressions foEabcdefgand2;%’Cdefghcan be found in
above series and E@F6), and subtractingr, we determine  Ref. [48].
the expansion Turning to the last expansion we need, we recall that the

Van Vleck—Morette determinant on the optical metaid/?,

4 5 t C . . .
3 =3 oPol%" ‘TSJFE( ) swloio’ oo satisfies the differential equation

pqrs
+30 wPole osatai+ 3D oPodo oSatala?
parstu pgrstw B B
124 _oAl2 Jp_
+2E)%)rstwwo'pUquO'SO'tO'uUUO'W (FlO) AYY(4—Oo)—2A [p¥ 0. (F12

where the expansion tensors are Using the conformal transformation property

Jab JabJed .
SO 0.0+ 0-cq) — 0. ,0P, F11 — — -
abed™ 3 (@iciaT Wied) T g @ip (Fiia Do=e*(0o—2w"a.y) (F13
. Jab JabJcd 7
IR 20.c0.get W cge) T —=w.p@.", we determine thah /2 satisfies the equation
abcde 3\/—( ;cW:de Cde) 3\/5 pYe q
(F11b B B
- AV 4-e*(Oo—20P0.,)]—2e*°AY 0P=0
Eg%)cdef; 30 (w cW;qW; e, f+2w cW;qW:eft To. icdW;ef (F14
GabYcd . on the physical metric. Since we have the expansiom_‘f,or

T60,c0;dert 3w;cder) ~ B, ..o (0"

90 we need only assume the expansion

70,0061+ 90,50, + 120,50,gR™) EY, e A3 A
A1/2: 1+A( )O_p0_q+ AE) )ro-po-qo-r_’_AE’q)rsapo-qo-ro_s

1
., g(wPw9—3wPY 6
720 80andcdJer p q( ). +Aé5q)rst0-p0-qa'r0- Ut"'Aéq)rst

(F11o0 (F15

©orPada osata,

104002-23



N. G. PHILLIPS AND B. L. HU PHYSICAL REVIEW D67, 104002 (2003

substitute this and EqF6) into (F14), and solve for the expansion tensors. Following the now well defined method outlined
above, they are found to be

gab(Zw p0P—w P (F16a

1
A 2)_A(2)+g(w;aw;b+w;ab) P

1 Jab
ARE AR 15(20.00,00F @.ap0) + 7 (40,0, P~ 0,5 ) (F16D

AW p®W.cw.qt 2‘U;aw;b“’;cd"' Sw;abcd)

1
(Tw,ap®.cqt 6. q0.pcq) + 120(

1 1
Agt))c ghcd (w W gt o, cd)Rabt 757 120

ga?){ﬁw (0,40, ,P— 0. P9+ 3(40.,P0.c4— 120,504+ 0., cg) = 120, (0.0, 40 P+ 2070, = 20.c0. 4

- w;cdp+4w;cpd) + 6“’;D(Rcd;p_ ch;d) - 5(2w;p“’;p_ w:pp)Rcd_ 2(20,pw g~ w;pd)ch+4(“’;p“’;q+ ®:pg) RPa"}

JabJcd
* 1440

{20,p0,(60Pw'9— 14w P9+ 3RPY) — 140, ;0 Pw. M+ 50. Po. 1+ 4w, @ P+ 120, 0. P} (F160

TheAB).,.andA) . expressions can be found in R@48].
Next, we present the explicit expressmns for the expansmn tensoBs;{eL,. The expansion scalars in the body are related
to these tensors ViB ) o =2"p% - - - p"G{) s ..

1 }

G((:i?\zren: E(w;pp— w.p0'P), (F17a
1

Gdlvren,a 12(2w p®:4 P— w;ppa), (F17b

ng?v),renab: (40.p0.,0.,0 P+ 15w;pRab;p— 15w;pRap;b—4w;aw;bw;pp+ Zw;ppw;ab-l- 8w;pw;aw;bp— ZOw;paw;bp
+ 6w;aw;pbp— 12w;aw;ppb+ 36w;pw;abp— 54(o;pw;apb— 12w;pabp+ 3w;papb+ 9w;ppab+ 9w;abpp— 50.,0PRyp
+50.,PRap— 100,,0,5RpP+ 50, ,RyP+ 340, ,0.qR, P+ 100, (R, ) 1360— gap( 20, po, g0 P9
t4o.,0P 0.0 50 0.4 160, 0.q0 P~ 40,50 P~ 120, 0., 1P = 6w, 0.qRP9)/720. (F179

The expressions f0B ) enanc: Glitrenanca €aN be found in Refl48].
Finally we can present the explicit expressions for the expansion tensoB;for

Gin'= ¢ w’ (F183
2,
K°W.
fra =" 2w " (F18b
2 K2 . K
G%in?ab:72e2W(8W;aW;b_4W;ab_ 2W;pW'pgab+W;ppgab+ Rab)+ 4W(4ezw5;5g_gab)u (F18O
2
Ggi?l?abc m( 8w. :aW:pW:c Rab;c_ 12W;aW;bc+ ZW;abc_ 4W;pW;aW'pgbc+ 2W;aW;ppgbc+ 4W;pW;apgbc_W;papgbc

K
+2W.,Rpc) + a0 (2627, 87+ 26®"W. .67 57— W. 20p) (F18d
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2

G%i‘r?abcd: (192 W, pW, W, g — B0W, 3Ry ;g = 57BN, W, pW. g+ 1AW, 3 oW, g+ 18Rap gt 19N, W g— 24W, 5

864"
+80W. ;W.,Rcg— 40W. . pRc g+ SRapReq T 4Rp(.ﬂqucpdq — 20 apl 72W. W, W, gW'P — 15W;pRcd; Py 15\N;pch;d
= 36W, W, qW. ,P— 36w, W Pw, g+ 18W. ,PW. g — 144w, W, cW. 4P + 36w, , W 4P — BW, W o P+ 42w cw. Py
= 18W,pW. o "+ BAW. oW. . P+ 120 P = BW. o P = OW. o P = OW. 4 P+ 10W, gW PR — 5W. ,PR g+ 10w, pw. (R P
—=5W, 5 Ry — 10W, W, R P 10w, pqR P} + GanGcal 12W, oW qw Pwi 9= 14w, gwPw. A+ 5w, ;Pw.

4

K
—4w( 482W{3F Tabr Tcd+ 12r TabW:cﬁé_ 4r Tab;cag

— 28\/\/;pw;q\,\,:|0qjL 4W;pqw;pq+ 12\N;pw;qqp6w;pw;qRPq}) i yeers

+ 8W, W, 65— AW, ap 3¢ 84+ 6L FqRab} — Gap 28W,cW,q— BW. g+ Regt+ 4 2W;pW;p_ W;pp] 3¢64Rcd}

6

P p - AW oT QT oT oT __ 2W o oT
+gabgcd{3W;pW W;p })+ 1512036\,\,(166 535b5c5d 12 5c5dgab+ gabgcd)- (F18€)
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